The analyses of Titan's gravity field obtained by Cassini space mission suggest the presence of an internal ocean beneath its icy surface. The characterization of the geophysical parameters of the icy shell and the ocean is important to constrain the evolution models of Titan. The knowledge of the librations, that are periodic oscillations around a uniform rotational motion, can bring piece of information on the interior parameters.
The objective of this paper is to study the librational response in longitude from an analytical approach for Titan composed of a deep atmosphere, an elastic icy shell, an internal ocean, and an elastic rocky core perturbed by the gravitational interactions with Saturn. We start from the librational equations developed for a rigid satellite in synchronous spin-orbit resonance. We introduce explicitly the atmospheric torque acting on the surface computed from the Titan IPSL GCM (Institut Pierre Simon Laplace General Circulation Model) and the periodic deformations of elastic solid layers due to the tides. We investigate the librational response for various interior models in order to compare and to identify the influence of the geophysical parameters and the impact of the elasticity.
The main librations arise at two well-separated forcing frequency ranges: low forcing frequencies dominated by the Saturnian annual and semi-annual frequencies, and a high forcing frequency regime dominated by Titan's or-
Introduction
Titan exhibits a rich interior structure due to its large mean radius of 2575 kilometers. The recent measurements of the gravity field by Iess et al. (2010 Iess et al. ( , 2012 reveal that Titan's moment of inertia (MoI) is as low as 0.33 − 0.34 M R 2 . A large panel of internal structures, made of a low density core surrounded by icy layers, are consistent with this range of MoI and the mean density value of 1881 kg m −3 deduced by Iess et al. (2010) . In addition, the presence of a global internal ocean has been suggested from several techniques. First, Lorenz et al. (2008) deduced the putative internal ocean through the response of the rotational motion of the surface to the atmospheric coupling. A second piece of evidence has been obtained from the determination of the non-zero obliquity by Stiles et al. (2008) from the radar images of Cassini. They determined an obliquity equal to 0.3 degree that is larger than the 0.1 degree obtained for a rigid Titan in a Cassini state (e.g. Bills and Nimmo (2008) ). Then Bills and Nimmo (2008) and Baland et al. (2011) suggested that this deviation is related to the influence of an internal ocean on the obliquity. Additional arguments in favor of this internal ocean have been obtained by electrical (Béghin et al., 2012) , topographical (Nimmo and Bills, 2010) and gravitational analyses of Titan from Cassini-Huygens data.
Titan's rotational motion has been measured by Stiles et al. (2008 Stiles et al. ( , 2010 ) that used the Cassini spacecraft's radar images in order to follow landmarks at the surface. They obtained a near-synchronous rotation for Titan with a drift rate of 0.00033 degree per day, i.e. 0.12 degree per year (Stiles et al., 2010) . This approach has been recently revisited by Meriggiola and Iess (2012) that determined a synchronous spin-orbit motion within a residual of about 0.02 degree per year. The main advantage of their approach is the introduction of Titan's librational motion in the reduction process. The librations describe the oscillations around the uniform rotational motion. Here we focus on the librations in longitude that correspond to the oscillations of the body principal axis projected onto the equatorial plane of the satellite. In the case of Titan, they have two distinct origins. The first one comes from the gravitational torque exerted by Saturn on the dynamical figure of Titan. The second one results from the coupling between the surface and the dense atmosphere of Titan, the atmospheric torque. Their amplitudes are modified by the interior parameters of Titan. However, Goldreich and Mitchell (2010) suggested that the elastic behavior of the icy shell is not negligible and may strongly reduce the librational motion. Such prediction has been confirmed by Van Hoolst et al. (2013) that computed the libration in longitude at the orbital frequency of Titan. In that case, Titan's surface will deform instead of rotate since the ocean figure should always point toward the planet and exert an elastic torque on the icy shell.
The objective of this paper is to determine the librational reponse of an elastic Titan at various forcing frequencies resulting from its orbital motion. By including the atmospheric coupling, we want to decorrelate surface forcing from the internal geophysical properties related to the internal ocean and perturbation of Titan's orbit. We investigate the wide spectrum of Titan's librations on contrary to Van Hoolst et al. (2009 , 2013 ) that focused on the diurnal frequency (Titan's orbital frequency) and its harmonics, and on the Saturnian semi-annual frequency (twice Saturn's orbital frequency) for the atmospheric coupling. The main interest is that in the orbital motion, there are librations at the Saturnian semi-annual frequency that comes from the interaction of Saturn with the Sun. Such librations have the same frequency than the main component of the atmospheric torque. In addition, the orbital frequency spectrum can be in, or close to, resonance with some proper frequencies as shown for the Galilean satellites . Finally, the periodic variation of the gravitational torque amplitude at orbital frequency provides long-period terms in the libration with amplitudes dependent on the interior model.
In this paper, the recent interior models of Titan are also used (e.g. Castillo-Rogez and Lunine (2010), Fortes (2012) , McKinnon and Bland (2011) ) in order to compute the values of the proper frequencies and to discuss the differences in the amplitude of librations. The elasticity is investigated by computing the radial deformations of surfaces due to the tides and responsible for the gravitational torques amplitude variations.
Finally, we use the 3D atmospheric model from Lebonnois et al. (2012) that predicts an atmospheric torque smaller than in the Tokano and Neubauer (2005) paper used in all previous studies (Goldreich and Mitchell, 2010 , Van Hoolst et al., 2009 , 2013 .
In the first part of the paper, the internal structure models selected for the librational computation are described. The properties of these models depend on the history and energy sources of Titan (e.g. Tobie et al. (2012) ). We selected a broad range of possible internal scenarios for Titan in order to characterize the impact of the geophysical parameters on the librations. The atmospheric torques of Charnay and Lebonnois (2012) (called here CH12) and of Tokano and Neubauer (2005) (called here TO05) are described and discussed in Sect. 2. The orbit of Titan is then analyzed in Sect. 3 by using the frequency analysis method providing the spectrum of the orbital motion. In Sect. 4, the elasticity is introduced in the librational equations through periodic torques amplitudes and the librations are analytically determined for the rigid and elastic cases. Finally, the behavior of the libration angle at different forcing frequency ranges is analyzed and the influence of the geophysical parameters of the different interior models is discussed in Sect. 5.
Interior models
Titan's internal structure has been revealed by accurately tracking the trajectory of Cassini spacecraft approaching Titan during six flybys . They measured the gravity field and its variations allowing to infer information on the density profile of the satellite. Since the inversion between the gravity field and density profile is not unique, only a range of models can be determined. The add-on assumption that Titan is close to the hydrostatic equilibrium led Iess et al. (2010) to obtain an estimation of the moment of inertia (MoI) I of Titan between 0.33 and 0.34 M R 2 (where M and R are the mass and mean radius of Titan, respectively). Such small MoI implies an increase of density towards Titan's center and requires a lowdensity core to match the mean density of 1881 kg m −3 . In parallel to these gravity measurements, two categories of thermal and chemical models have been developed to determine Titan's internal structure (e.g. Lunine (2010, 2012) , Fortes (2012) , McKinnon and Bland (2011) and see the review of Tobie et al. (2012) ). In the first category, as developed by Fortes (2012) , the models described essentially the upper layers (dense and light ocean, comparison of solid models with pure water ice or methane clathrate layers), while in the second category the models focused on the inner core composition assuming the presence of a global ocean layer (e.g. Castillo-Rogez and Lunine (2012), McKinnon and Bland (2011) ).
Castillo-Rogez and Lunine (2012) built interior models made of anhydrous silicate core surrounded by hydrated rock and water ice while McKinnon and Bland (2011) focused on hydrated silicates surrounded by mixture of rock and ice. These models of inner core allow the presence of a small iron core, and are compatible with an internal ocean as deduced by Iess et al. (2012) .
Six different models reported in Table 1 have been selected, coming from Fortes (2012) (the models called F1, F2 and the solid model F3), CastilloRogez and Lunine (2010) (models CA10 and FE10) and McKinnon and Bland (2011) (model MC11) . The FE10 model is similar to the CA10 model with an additional small inner iron core as suggested by Castillo-Rogez and Lunine (2010) . The icy shell thickness has been taken equal to 100 kilometers for each model. Such value corresponds to the upper bound obtained by topographical model of (Nimmo and Bills, 2010) . The lower bound has been obtained by Béghin et al. (2012) by using the Schumann's resonance in Titan's atmosphere. The icy shell thickness is an essential parameter for Titan's models with a rigid shell (Van Hoolst et al., 2009 ) but the elasticity strongly diminish its influence (see Section 5). Fortes (2012) used oceans with a bottom mean radius of 2225 kilometers (models F1 and F2). To be able to compare the influence of the ocean density and the inner core structure on the libration, the same ocean bottom mean radius is used for the CA10, MC11 and FE10 models. For a given set of solid layers sizes and densities, the ocean density is then adjusted to conserve Titan's MoI and mass.
Atmospheric torque
Titan has a thick atmosphere extending up to 800 km with a surface pressure of nearly 1.5 bars. Exchanges of angular momentum happen between the atmosphere and the surface, producing an atmospheric torque influencing Titan's rotation. The atmosphere dynamic is mainly driven by insolation, which creates a circulation zone called a Hadley cell between hotter and cooler regions. The circulation in Titan's troposphere is essentially dominated by one Hadley cell extending from one pole to the other. At the equinox, the circulation reverses with the formation of two Hadley cells, and the ascending air zone (also called the Intertropical Convergence Zone) moves from one pole to the other. This reversal produces a seasonal angular momentum exchange with Saturn's semi-annual period (5376.633 terrestrial days) and has been suggested as the main torque influencing Titan's rotation (Tokano and Neubauer, 2005) . The total atmospheric angular momentum (AAM) is given by (Tokano and Neubauer, 2005) l atm = 2πR
where R = 2575.5 km is Titan's mean radius, g = 1.354 m −2 s −1 is Titan's surface gravity, p s is the surface pressure, u is the zonal wind speed (i.e. the horizontal wind speed in the west-east direction and relative to the surface, u is positive for eastward wind), ψ is the latitude and p is the pressure.
The atmospheric torque is then
The zonal wind speed of an air parcel in the ascending zone is approximately null due to a strong surface friction. Its angular momentum is conserved during its meridional transport from the ascending zone to the poles. Thus, the AAM is maximum at equinoxes (i.e. when the ascending zone is the farthest from Titan's rotation axis), and minimum at solstices (i.e. when the ascending zone is the nearest to Titan's rotation axis) (Tokano and Neubauer, 2005) . This change corresponds to an exchange of angular momentum with the surface by friction of winds. Table 1 : Characteristics of the internal structure models selected for this paper. The first three models quoted Light Ocean (F1), Dense Ocean (F2) and Pure-water-ice (F3) models are from Fortes (2012) . Model CA10 is from Castillo-Rogez and Lunine (2010) and MC11 from McKinnon and Bland (2011) , both with dense ocean and high pressure ice layers. The last model (FE10) is a model similar to CA10 including an iron core. I is the total moment of inertia of the body, while C s and C i are polar moments of inertia of the icy shell and solid interior respectively, expressed in terms of mass and radius of Titan (M T = 13455.3 10 19 kg and R T = 2575.5 km following Fortes (2012) ). The angular momentum exchange, and so the atmospheric torque, depends essentially on the extension of the Hadley cell in latitude and altitude (Mitchell, 2009) . All previous studies on Titan's non-synchronous rotation (Goldreich and Mitchell, 2010 , Van Hoolst et al., 2009 , 2013 used the atmospheric torque at Saturnian semiannual frequency from the general circulation model (GCM) of Tokano and Neubauer (2005) (Γ A = 1.6 10 17 kg m 2 s −2 ; this torque is called here TO05). In this study, the atmospheric torque from the Titan IPSL GCM (Institut Pierre-Simon Laplace General Circulation Model) is also used. This model successfully reproduces the winds and the thermal structure observed by Cassini and Huygens Lebonnois, 2012, Lebonnois et al., 2012) . Charnay and Lebonnois (2012) show that the Hadley cell is essentially trapped in the first two kilometers. This trapping, in addition to a lower latitudinal extension of the cell, reduces the angular momentum exchange by approximately a factor 10 compared to Tokano and Neubauer (2005) .
The latitudinal extension of the Hadley cell depends a great deal on the thermal inertia of the ground (i.e. the ground thermal response to solar heating). Its value for Titan is unknown, it has been estimated to be around 340 J m 2 s −1/2 K −1 (Tokano, 2005) and used in Tokano and Neubauer (2005) Fig. 1 . Many other frequencies than the Saturnian semi-annual one appear in the spectrum of the atmospheric torque CH12. The most important ones are frequencies corresponding to 1 (linked to the eccentricity of the orbit of Saturn around the Sun), 1/3 and 1/4 (other harmonics from the seasonal cycle) Saturnian year with amplitudes below 5 10 15 kg m 2 s −2 . The other frequencies correspond to atmospheric waves that are either free (baroclinic waves, kelvin waves,...) or forced by the thermal tides and the gravitational tides caused by Saturn (Tokano and Neubauer, 2002) . The free atmospheric waves are very dependent on the model, but their amplitudes appear to be small. Concerning the thermal and gravitational tides, they have a very limited impact on the tropospheric winds and therefore on the exchange of angular momentum with the surface in the model from Lebonnois et al. (2012) . Other effects may influence the atmospheric torque. Mitchell (2009) suggested the methane cycle could reduce the amplitude of the torque and produce a small drift while Tokano (2012) suggested the presence of mountains could increase the AAM a little without changing the torque very much. These effects remain poorly constrained but should only have a small impact. 
Orbital forcing
The librational motion is the rotational response of Titan to the gravitational or atmospheric torques exerted on its dynamical figure. The gravitational torque depends on the relative distance between Titan and Saturn and on the true longitude of Titan (e.g. Rambaux et al. (2011) ). The orbital elements are time-dependent and can be approximated by quasi-periodic Fourier series resulting from the interaction of Titan with Saturn, the Sun or Iapetus (Vienne and Duriez, 1995) .
Here, we develop a linear theory of the librational motion of Titan that is approximated in small quantities, the amplitude of libration and the eccentricity. The orbital motion of Titan comes from the JPL Horizons ephemerides that contain the last observation from Cassini space mission (Giorgini et al., 1996) . The ephemerides are given over the period of 07-Jan-1800 to 07-Jan-2200 corresponding to an interval of 400 years. The frequency analysis method developed by Laskar (1988 Laskar ( , 2003 and implemented in the TRIP software (Gastineau and Laskar, 2012 ) is used in order to decompose the true longitude into Fourier series.
The decomposition of the true longitude ν is given in Table 2 . The notation of Vienne and Duriez (1995) is used, where L 6 represents the mean longitude of Titan (L = Ω + ω + M with Ω the longitude of node, M the mean anomaly and ω the argument of pericenter, see Figure 2 ), 6 and 8 the longitudes of pericenter ( = Ω + ω) of Titan and Iapetus, respectively, Ω 6 and Ω 8 the longitudes of node of Titan and Iapetus, and L s the mean longitude of the Sun. The true longitude ν is given by ν = Ω + ω + f with f the true anomaly.
The largest term of the Table 2 corresponds to the first term of the development of the difference between the true anomaly f and the mean anomaly M as function of the eccentricity e, i.e. 2e sin M . The magnitude is equal to 11899.3237" corresponding to an eccentricity of 0.0288 and the frequency is equal to the orbital frequency. The following term corresponds to the second term of the development in the true anomaly, i.e.
4
e 2 sin 2M and oscillates at twice the orbital frequency. The other frequencies result from the motion of Saturn around the Sun (L s , 2L s , and 3L s here called Saturnian annual, semi-annual and ter-annual terms respectively, and the combination L 6 +Ω 6 −2L s ) and interaction with Iapetus (L 6 −2 8 +2Ω 6 ) (see Vienne and Duriez (1995) ). The last term has a frequency close to the combination of (12L j − 13L s ) where L j is the mean longitude of Jupiter. The last two terms of the Table 2 with periods of 3583 and 640 days respectively are small terms of the true longitude series with magnitudes below 10". These terms have small magnitudes but due to their frequency values, the librational response amplitudes are greater than the 10 meters limit which is used for the Table  4 (see Section 5).
Let us note that the frequency analysis of the orbit over 400 years is not sufficient to identify the periods longer than several hundred years. Vienne and Duriez (1995) have identified longer periods in Titan's orbital motion listed in the T ASS analytical ephemerides. Frequencies associated with Ω 8 (3263.07 years), 8 (3181.86 years), Ω 6 (703.51 years) and 6 (703.30 years) possess high magnitudes. Since they are the signature of time variations much larger than the 400 years of the Horizons ephemerides, these terms act like secular deviation on the true longitude. These secular terms are removed from the analysis in the determination of the linear deviation of the true longitude. However, for a longer time range, the long period terms from longitudes of nodes and pericenters have to be considered explicitly. The difference between true longitude ν and mean anomaly M is decomposed according to ν − M − φ 0 = j H j sin(ω j t + α j ), with φ 0 is the initial value of the satellite rotation angle measured from the line of ascending node, H j the magnitude, ω j the frequency and α j the phase. The frequency of the last term is close to the combination of (12L j − 13L s ) where L j is the mean longitude of Jupiter. This table presents the main terms of the true longitude series that acts on the librational motion. Initial date is J2000. 
Librational model

Rigid case
The librational equations describing the variations of Titan's rotation are obtained from the angular momentum equation applied to each layer of the satellite. In the case of rigid solid layers, the hydrostatic equilibrium shape is composed of a static tidal bulge on which the planet exerts a gravitational forcing at each instant. In addition, the misalignment of the static tidal bulges of the shell and the inner core generates an internal gravitational torque coupling the upper layers to the inner core. Following the developments of Van Hoolst et al. (2008 , 2009 ) and Rambaux et al. (2011) , the equations governing the librational motions of the rigid triaxial shell and inner core perturbed by external and internal gravitational forces are written as
where subscripts s and i refer to the icy shell and to the inner core respectively, γ is the libration angle, M the mean anomaly, ν is the true longitude, φ is the rotation angle of the satellite's longest axis measured from the line of the ascending node and φ o,l its initial value for the layer l (where subscript l refers to the shell or the inner core), n is the mean motion. K s and K i are the amplitudes of the effective gravitational torques exerted by Saturn on the dynamical figure of each layer, while K int is the amplitude of the internal gravitational torque exerted by the shell on the inner core due to their misalignment. The gravitational torques amplitudes are given by
, where A l , B l and C l are the principal moments of inertia (defined as C l > B l > A l ) and A l , B l and C l are the ocean pressure effect on the solid layer l expressed as increment of inertia. The internal gravitational torque amplitude K int also depends on the geophysical parameters of the body as described by Van Hoolst et al. (2009) . In this study, the dynamical equations are linearized as function of the eccentricity and libration amplitude. The frequencies of the forcing torques acting on the two solid layers are given by the Fourier series of ν − M developed in the previous section.
The proper frequencies (or natural frequencies) of the satellite are described in terms of free frequencies of the harmonic oscillator as done by Dumberry (2011) . First, the free frequencies corresponding to the system (3) free of internal gravitational torque (K int = 0) are
Then, the free mode of oscillation corresponding to the system (3) without Saturn's gravitational torque (K s = K i = 0) is expressed as
Finally, the proper frequencies of the system (3) forced by Saturn and internal gravitational torques can be written as
. The values of ω 1 and ω 2 are given for each selected model in Table 3 .
Using these expressions of the proper frequencies, the solutions of the system (3) are written as γ l = j γ l,j sin(ω j t + α j ) by setting ν − M − φ o,l = j H j sin(ω j t+α j ), where γ l,j and H j are respectively the amplitude of libration and the magnitude of perturbation, ω j is the frequency of perturbation and α j the phase. The icy shell libration amplitudes for an oceanic model are then given by
The libration amplitudes for a rigid solid model are given in Appendix.
As seen in Sect. 2, the atmospheric torque exerted on Titan's surface is acting like a forcing term with a main component at Saturnian semi-annual frequency and many components with amplitudes below 5 10 15 kg m 2 s −2 . The atmospheric torque is introduced into the right-hand side of the first equation of the system (3) as H j K s sin(ω j t + α j ) + Γ A,j sin(ω j t + α j + ∆α j ), where Γ A,j is the atmospheric torque magnitude, ω j the frequency and ∆α j the phase difference with α j . The libration amplitude is then decomposed into a sine and a cosine term expressed as
where γ s s,j and γ c s,j are the amplitudes of the sine and cosine terms respectively of the libration under orbital and atmospheric influence, as previously ω j is the perturbing frequency, α j its phase, and ∆α j the phase difference with the orbital perturbation. The cosine term implies a difference of phase with the libration amplitude due to orbital perturbation. For frequencies of the atmospheric torque which are not present in the orbital motion, the librational motion is obtained by doing H j = 0 in Eq. (10).
Elastic case
The elasticity is introduced by modeling the radial deformations of the surfaces of the satellite layers and the resulting variations of the moments of inertia are computed. Each surface composing the satellite is parametrized by r(r 0 , θ, λ) = r 0 + u r (r 0 , θ, λ) where r 0 is the mean radius of the equivalent sphere and the angles θ, λ are the colatitude and longitude, respectively. Then u r is the radial deformation induced by the centrifugal and tidal potential. Hinderer et al. (1982) used a decomposition of u r into spherical harmonics. At the second order, we have
where d 2,j and e 2,j quantify the radial deformation normalized to r 0 and P j i (cos θ) are associated Legendre polynomials. By using the definition of r, the non-zero components of the inertia tensor [I] can be written at first order in terms of d 2,j , e 2,j
Love (1911) defined at the surface the Love number h 2 which characterizes the body response to second order perturbing potential. Here, we use the following definition for the radial deformation u r
where g(R) represents the surface gravity of Titan and V 2 is the perturbing potential developed at order 2. H is the dimensionless radial function corresponding to h 2 at the surface. By using eqs. (12) and (17), a straight relation exists between the d 2,j , e 2,j and the response to the perturbing potential proportional to H. As shown by Giampieri (2004) , the development at first order in eccentricity of the perturbing potential (centrifugal and tidal) can be decomposed into a secular and a periodic part
where m and R are the mass and mean radius of the satellite, and
with M p the mass of the planet and a the semi-major axis of the satellite. The centrifugal potential has been supposed constant with a periodic variation of the potential V 2 only due to tides.
The secular part of the potential corresponds to static tides and is responsible for the static bulge of the satellite which is already included in our rigid case (see Sect. 4.1). The periodic part, which is of order of the eccentricity e, governs time-dependent deformation of the surfaces.
The deformations of the satellite layers due to the tides induce a timedependent gravitational potential. Mass distribution varies periodically and the inertia tensor of the body can be decomposed into a static part I s (corresponding to the static potential) and a periodic part I p associated to deformations around the static bulge. Using the definitions of u r and of the potential V 2 , the periodic components of the inertia tensor are given by
where the following definitions are used:
andd
The total deformation factors d ij are given by a combination of static deformations (d ij (r)) and periodic deformations (d(r)). The periodic components of the inertia tensor I (Greenberg et al., 1998, Murray and Dermott, 1999) .
The external gravitational torque exerted on a layer l is given by Γ
ext is the external gravitational potential of the deformed satellite layer l given by (Jeffreys, 1976 )
where r l and r l−1 are respectively the top and bottom radius of the layer l. The z-component of this torque can be written at second order in eccentricity
Here K l describes the torque amplitude exerted by the planet on the static bulge of the layer l as in the rigid case (see Figure 3(a) ). K p l e cos M is the torque amplitude exerted on the radial tidal bulge of the layer l with K p l = 9 2 n 2 (∆I l + ∆I l ) and ∆I l is the contribution of the ocean pressure on the periodic figure based on equation (24).
The last two terms of equation (27) are the torque exerted by the planet on the librational bulge. It can be notice that the development in second order of K p l e cos M (ν − M − φ 0 ) for a Keplerian orbit cancels out K p l e 2 sin 2M , and in this case the radial tides terms vanishes. The signs of the remaining librational and static terms at first order in e are in phase and opposed, which means that the torques are counter-acting as illustrated by the gravitational forces on Fig. 3(b) .
The total internal gravitational torque exerted by outer layers on the interior is given by Γ int = − i ( r × ∇V int )ρdV where V int is the potential exerted by outer layer on an inner point given by (Jeffreys, 1976 )
where i refers to the inner core of mean radius r i . The z-component of the internal gravitational torque exerted on the inner core is then
where K s/p int and K p/s int are defined such as
withd 22 the deformation factor of the static bulge. In the internal gravitational torque, three main components are identified: the interaction between the static bulges of the shell and the inner core through K int like in the rigid case (see Figure 3(a) ), the interaction between the periodic bulge of the shell and the static bulge of the core (subscript p/s, Figure 3 (c)), and the interaction between the static bulge of the shell and the periodic bulge of the core (subscript s/p, Figure 3(d) ). Here, the attraction between periodic bulges, which is of higher order in eccentricity, is neglected. Terms in cos M are due to radial tides while terms in sin M are due to librational tides. All the term but one have the same sign in the internal torque, which means that, for small and positive values of M , they are acting in the same direction and tend to align the shell and the inner core figures. The last term is counteracting however, it corresponds to the attraction of the static bulge of the core by the librational bulge of the shell (Fig. 3(c) ). The equations of librations are then linearized and written at second order in eccentricity:
where the second term of the left-hand side is due to zonal tides on the layer l withĊ l =İ p,l 33 . The internal and external gravitational torques at first order in eccentricity are dominated by the static and librational tides and the second order is dominated by the radial tides.
Analytical resolution of the elastic case
The system (32) is composed of two differential equations of second order in γ s and γ i . To solve this system, we transform it into a first order equation system in z by setting z 1 = γ s , z 2 = γ i , z 3 =γ s , and z 4 =γ i . The system is then decomposed into a static and a periodic part such asż = Az+∆A(t)z+ b(t) where z is the vector of components z i , b is the vector of forcing terms, A and ∆A are the matrices of the static and periodic coefficients, respectively. The static coefficient matrix is diagonalized by defining a vector y such that y = P −1 z where P corresponds to the eigenvector matrix of A. The system is then reduced toẏ
where Λ is the diagonal matrix, ∆Λ is the transformation of ∆A and f and ∆f are the transformation of b decomposed into first order and higher order terms, respectively. To solve this new system, the perturbation method used by e.g. Robutel et al. (2011) is followed and y is decomposed in decreasing amplitude terms such that y = y 1 + y 2 + ... where subscripts 1 and 2 refer to first and second order solutions. We then have to solvė
. . . The y 1 system is first solved and the solutions are substituted in the y 2 system to obtain the second order solutions. Then the solutions are transformed back to our libration angles also decomposed in γ l,1 and γ l,2 . The solution y 3 is not computed here since we are only interested in solutions of order 2 in eccentricity.
Since the deformation is also periodic with frequency n, the solutions γ s,1 of the elastic case are given by
, (36) where the third subscript corresponds to the frequency. At the orbital frequency, the amplitude is H n = 2e and
As suggested in the previous section, the torques variation ∆K s and ∆K i present in the solution at first order in eccentricity are only due to librational tides components. The solution for an elastic solid body without ocean is given in Appendix.
Librational response and application to interior models
Discussion of the rigid solution
The libration amplitude obtained in the previous sections for the rigid and elastic cases are described and analyzed in this section. The libration responds to the perturbations according to three regimes depending on the values of the forcing frequencies with respect to the values of the proper frequencies: a high forcing frequency regime, a low forcing frequency regime, and a resonant regime where the forcing frequencies are close to the proper frequencies.
For all regimes, the solutions are simplified with the assumption that the icy shell thickness is small. K s /C s is about 10 to 20 times larger than K i /C i for the six models selected in Sect. 1. So the proper frequencies can be developed at first order in ω 2 i and K int /C i such as
Using these developments, it can be noticed that for low forcing frequencies ω
, the libration amplitude of the rigid case is simply γ s ∼ H j , i.e. the librational response of the body or the icy shell will follow the magnitude of the perturbation. In that case, the librational response is dominated by the external gravitational torque and the internal structure has a negligible influence.
If the atmospheric torque excites the system then the amplitude of the librational response to low frequency forcing will be different from the magnitudes of the orbital perturbations. This difference would contain information on the atmospheric torque coupled to internal structure through the sine term
At low forcing frequency, the librational response due to the atmosphere is then inversely proportional to the external gravitational torque amplitude on the shell K s and dependent on the internal gravitational coupling through the constant K int which depends on the inner core composition. At high forcing frequencies, the rigid solution (eq. (9)) can be simplified to
when ω 
where the icy shell thickness h and equatorial flattening β s have been introduced. The free frequency and the libration amplitude are then dependent on the ratio between ocean and icy shell densities, and inversely proportional to the icy shell thickness. Finally, if the forcing frequencies ω j are close to the proper frequencies of the system, the librational response is dominated by the resonant behavior. The amplitude of the libration is then significantly increased due to the presence of a small divisor. If the libration amplitude becomes too large, the linearized equations used are not enough to describe the dynamics. For Titan, the proper frequencies listed in Table 3 compared to the forcing frequencies listed in Table 2 show that there is no close resonance between these frequencies.
Discussion of the elastic solution
Here, we assess the effect of the elasticity on the libration solution which is dominant only for high forcing frequencies. The elasticity induces periodic variations of the torques amplitudes that are identified in the diurnal libration amplitude through two terms denoted by ∆K s and ∆K i (eq. 36) corresponding respectively to the variation of the shell and the inner core inertia. The form of the elastic case diurnal solution at first order in eccentricity (eq. (36)) is similar to the rigid case solution (eq. (9)) and it can also be simplified as
with n 2 large in front of (K i − ∆K i )/C i and K int /C i , and ∆ω s is defined as
Thus, the libration amplitude at orbital frequency will be largely reduced compared to the rigid case if ∆K s is large enough in front of K s , i.e. if the shell librational tide contribution is large enough in front of the external gravitational torque exerted on the static bulge. To evaluate this contribution, the reduction rates of the torques amplitudes are defined as F s = ∆Ks Ks for the shell and
for the inner core. Their numerical values are given in the next section.
The second order librational reponse γ s,2,j to the forcing frequency ω j = n is identical to the rigid case and the behavior is described in the previous section. Terms of frequencies (n±ω j ) also appear in the second order solution due to the modulation of the gravitational torque amplitude. Since ω j can be small compared to n, the low frequency forcing can contribute to the orbital frequency libration but these terms have small amplitudes below one meter. For the special case where ω j is close to n, the terms of frequency (n − ω j ) contribute to the libration with their amplitude being inversely proportional to the proper frequencies (see eq. 45). The solution γ s,2,(n−ω j ) can be written for the frequency (n − ω j ) << 1,
. (45) In that case, since the values of proper frequencies ω 1 and ω 2 are small (see Table 3 ), large values of magnitude H j can provide a non-negligible signature in the libration as detailed in the next section. Table 1 . ω f is defined in the Appendix. 
Application
Now, the librational solutions are applied to the different interior models introduced in Sect. 1. The librations amplitudes projected onto Titan's equator are given in Table 4 . As discussed previously the librations can be classified into three regimes depending on the value of the forcing frequency with respect to the values of the proper frequencies.
For the low forcing frequencies, which are lower than the proper frequencies, the libration amplitude is almost equal to the magnitude of the orbital perturbation for any interior models. As seen in Table 4 , the resulting libration amplitudes are large, around 552 meters and 470 meters for the Saturnian semi-annual and annual frequencies. The small differences in the amplitudes at Saturnian semi-annual and annual frequencies are due to a second order effect in the proper frequencies (eqs. (39) and (40)) and are related to the different inertia of the models, with a larger value of libration for the solid model induced by the small value of proper frequency ω f .
In the case of rigid layers, the librational response at orbital frequency are expected to be strongly dependent on the satellite inertia (Van Hoolst et al., 2009) . Differences between oceanic and solid models would then appear clearly through the variation of the amplitude by at least a factor six, as for example the values of 391 meters for CA10 and 52 meters for F3. In the rigid case, equation (43) shows that the amplitude would mainly depend on the ocean and icy shell densities ratio and on the icy shell thickness.
As described in 5.1, the total torque acting on the solid layers is modified by reduction rates F s and F i when elasticity is taken into account. To evaluate these rates, the radial function H(r) is computed by the numerical integration of the gravito-elastic equations set of Alterman et al. (1959) with Table 4: Analytical icy shell libration amplitudes of an elastic Titan (as equatorial deviation in meters) for different internal structure models with a 100 kilometers icy shell thickness and different forcing frequencies. The second part of the table is the resulting librations under gravitational and atmospheric torques, with the given amplitude TO05 of Tokano and Neubauer (2005) and a recent value CH12 derived from Charnay and Lebonnois (2012) the SatStress numerical code developed by Wahr et al. (2009) . For the different interior models selected, the corresponding surface Love numbers h 2 are contained between 1.3 and 1.5 for oceanic models, and about 6 × 10 −2 for the solid model. In an elastic and solid Titan, only a small deformation is necessary for the shear stresses to balance the tidal force and thus a smaller value of h 2 . There are no shear stresses in an inviscid fluid layer allowing the Love number value to increase (Rappaport et al., 2008) . For the oceanic models, H(r) values obtained in the shell are at least forty times larger than at the surface of the core. It means that the periodic radial deformation of the core is negligible compared to the shell as well as its radial and librational bulges. Thus the internal torque amplitude K s/p int can be ignored in the forcing terms. For the CA10 model, we find F s ∼ 81% and F i ∼ −63%, which means that the torque exerted on the shell is reduced by a factor 4/5 while the torque exerted on the inner core is increased by a factor 2/3. This opposition can be explained by the fact that the librational bulge of the shell is attracted by the inner core static bulge and the planet, and these forces are opposed to the motion of the shell static bulge. On the contrary, the librational bulge of the shell is attracting the static figure of the inner core and tends to increase its rotation angle. The libration amplitude of the CA10 model goes from 319.131 m for the rigid case to 72.751 m for the elastic case, which is a reduction of about 81%, i.e. the reduction rates of the icy shell torque as expected from equation (44).
For the model without ocean (F3), the introduction of elasticity decreases libration amplitude from 52.032 meters to 50.661 meters, i.e. a reduction of about 2%. This can be explained by the small deformation of an entire solid body, i.e. the low value of h 2 at the surface. As a consequence, the introduction of the elasticity in the interior models reduces the diurnal libration amplitude of the oceanic models to the same order than the entire solid model libration. The distinction between oceanic and oceanless models is then much more difficult at orbital frequency.
The gravitational torque exerted on the deformed surfaces provides contributions in libration at frequencies (n ± ω j ) that do not exist in a rigid system. Especially, as stated in Sect. 5.2, the terms of frequency (n − ω j ) with ω j very close to n provide a non-negligible amplitude. The computation of eq. (45) with forcing frequencies ω j = 0.394081 rad days −1 (due to interaction with Iapetus with the argument L 6 − 2 8 + 2Ω 6 ) and ω j = 0.392897 rad days −1 (due to the motion of Saturn around the Sun with argument L 6 + Ω 6 − 2L s ) gives amplitudes of 51.9 and 29.2 meters respectively for the CA10 model. The amplitudes of these terms are 31.5 and 18.0 meters for the solid model F3, a difference due to the smaller radial deformations of the model. These librational terms contain the information on the presence of the subsurface ocean. The total icy shell librational response for the interior model CA10 is shown in Fig. 4 . As described previously, the libration angle variation is dominated by the long period terms. The contribution of all amplitudes reaches 1 kilometer at maximum, which could be detectable by radar observations taken over 9 years, represented in the gray box. The short period librations are also visible in the thickness of the curve. The influence of elasticity is clearly visible in the diurnal libration amplitude (blue line) which is strongly diminished with respect to the diurnal libration amplitude for the rigid case (dark line).
The presence of the atmospheric torque leads to additional terms in the Saturnian semi-annual frequency solution (eq. (41)) that are proportional to Γ A,j /K s , i.e. the ratio of the torque magnitude to the constant K s describing the gravitational torque amplitude on the icy shell. The maximum of Γ A,j is obtained at the Saturnian semi-annual period with an amplitude of 1.6 10 17 kg m 2 s −2 for the atmospheric torque TO05. From the orbital analysis, the magnitude of the orbital perturbation H j at this frequency is equal to 2.1 10 −4 rad and the coupling K s is 1.7 10 21 kg m 2 s −2 for the CA10 model. Then the ratio between atmospheric and gravitational coupling is
The atmospheric contribution to the solution is then pondered by a factor 0.4 cos(∆α) when the departure of the phases is taken into account, and ∆α = −1.94 rad at J2000 with the atmospheric torque TO05 described by Karatekin et al. (2008) . The contribution is then of about ten percent, and even one order smaller with the atmospheric torque CH12 (Γ A = 2.0 10 16 kg m 2 s −2 and ∆α = −1.75 rad). Other frequencies present in the atmospheric torque, like the Saturnian annual one, possess magnitudes lower than 5 10 15 kg m 2 s −2 , leading to variations of the libration angle below a meter. The red curve of Fig. 4 presents the librational response of an elastic Titan with the atmospheric torque TO05. The main influence of the TO05 atmospheric torque is to introduce a shift in the librational motion and to thus slightly reduce the amplitude of the libration from 560 meters to about 516 meters, i.e. 8%. The shift is due to the phase difference with the orbital perturbation ∆α of 111 degrees. Using the CH12 atmospheric torque which has a ten times smaller Saturnian semi-annual frequency torque amplitude, the libration is only reduced to 548 meters (with a phase shift ∆α of 100 degrees). In that case, the librational motion is very close to the libration without atmospheric torque and the librational motion of Titan results mainly from the orbital perturbations, with a variation of 5.5 % due to the atmosphere.
The icy shell thickness has been taken here as the maximum value predicted by observation, i.e. 100 kilometers. An icy shell thickness of 50 kilometers would increase the diurnal libration amplitude of a rigid satellite by about a factor 2 as shown in Table 5 for a modified CA10 model. The radial function H(r) is also larger of about 6%, and the reduction rate F s is equal to 91%. With a libration amplitude of 736 m for rigid layers, the elastic libration with a 50 km icy shell is then of about 62 m, a value close to the rigid case. The icy shell thickness has almost no influence on the diurnal libration amplitude for a satellite with elastic solid layers in agreement with Van Hoolst et al. (2013) . 
Numerical integration
In parallel to the analytical theory, the non-linear librational equations are integrated numerically by taking into account the external and internal gravitational couplings
Each rotational angle φ l is related to the librational angle through the relation φ l = M +γ l . The orbital perturbation spectrum has been described in Section 3 and we explore numerically only the interior model CA10 described in Section 1 with elastic solid layers. Numerical solutions of the libration angles of the shell γ s and of the inner core γ i are obtained. The frequency analysis method is applied on these numerical solutions in order to extract the amplitude and frequency of each term. The librational results are listed in Table 6 for the icy shell.
The comparison of the numerical amplitudes with those of analytical solution (Table 4) shows very good agreement. The two terms (lines 5 and 6) due to interaction with Iapetus and the Sun are the terms of second order in eccentricity given by eq. (45). The small amplitude differences of the other terms is ascribed to the second order approximation in the analytical theory. 
Conclusion
In this paper, the librational response in longitude of Titan has been investigated by taking into account the presence of a global ocean, the atmospheric torque, the orbital perturbations and the elasticity of solid layers. A linearized model has been developped and the amplitudes of libration have been computed and decomposed into responses at different frequencies. The librational responses can be divided into three regimes depending on the forcing frequencies: the low forcing frequencies at Saturnian annual and semi-annual periods, the high forcing frequencies at Titan's orbital and semi-orbital periods, and the forcing frequency ranges close to the proper frequencies of the system.
For the forcing at low frequencies, the libration response of the satellite is dominated by the gravitational torque and the internal structure has a negligible effect. In the high frequency forcing case, the librational response depends on the inertia of the body. The rigid case presents a large librational response at orbital frequency that is strongly reduced by the introduction of elasticity as stated by Goldreich and Mitchell (2010) . They introduced an elastic torque that corresponds to the pressure exerted by the ocean on the deformed icy shell as explained by Goldreich and Mitchell (2010) in Appendix (A.6). In our approach, the expression of the pressure torque is obtained according to the procedure detailed in Van Hoolst et al. (2009) . The terms that result from the pressure torque are represented with a prime as shown in section 4.1 for the rigid case and section 4.2 for the purely non-rigid case. The pressure torque for the non-rigid case results from the deformation of the shell-ocean interface and it is characterized by the term 9/2n 2 ∆I l . Thus physically, the pressure torque 9/2n 2 ∆I l and the pressure torque of Goldreich and Mitchell (2010) have the same origin. Then, the literal comparison of the two expressions is difficult because the two approaches are different. Goldreich and Mitchell (2010) assumed that the shell is a massless membrane overlaying a purely fluid body. In our case, Titan is divided in three layers, a shell of thickness 100 km, an ocean of about 200 km thick, and a solid core and the Love numbers formalism is used to compute the elastic deformation.
The internal structure of Titan is still under debate (Castillo-Rogez and Lunine, 2010 , Fortes, 2012 , McKinnon and Bland, 2011 . The six different interior models selected here (see Table 1 ) are representative of the main categories of Titan's interior models. The librations computed for each model show that the libration amplitude for oceanic (62 − 86 m) or oceanless models (51 m) are of the same order at Titan's orbital frequency. We identify in the librations' Fourier decomposition two new frequencies resulting from the time-dependent inertia tensor in the external gravitational torque. The amplitudes of these librations are different for interior models with or without ocean. A reduction from 52 to 30 meters is obtained for the first term, and from 29 to 18 meters for the second one. These two long-period terms are interesting because they contain the information on the satellite internal structure.
Here, icy shell thicknesses of 100, 75 and 50 kilometers have been investigated with a resulting libration amplitude at orbital frequency of the same order (73.5, 73.7 and 61.6 m, respectively) . As shown by Van Hoolst et al. (2013) , the sensitivity of librations is less dependent on the ice shell thickness when elasticity of the solid layers is taken into account.
The atmospheric torque CH12 obtained with a recent General Circulation Model from Lebonnois et al. (2012) presents a Saturnian semi-annual component ten times smaller than in the torque TO05 from Tokano and Neubauer (2005) . At this frequency, the orbital perturbation induces a large librational response of about 560 meters, and the atmospheric torque TO05 contributes for about 10% of the libration amplitude. The contribution is reduced to a few percent for the atmospheric torque CH12.
The librational response at Saturnian semi-annual frequency contain a small signature of the atmospheric circulation and the inner core inertia as shown in eq.(41). In addition, we found that for a Titan containing an internal ocean the elasticity strongly reduces the amplitude of high frequency librations and the resulting amplitude is at the same order as the amplitude for solid Titan. Finally we identified two new librations (with arguments 2 8 − 2Ω 6 − 6 and 2L s − Ω 6 − 6 ) at long period induced by the elasticity that contain a signature of the internal structure of a few ten meters. It is challenging to distinguish these small amplitudes librations with periods of about 30 and 50 years. we find Γ ext = 0 when h 2 = h f . In that case the torque exerted by Saturn on the satellite is null since the solid layers are responding to tidal forces as an incompressible fluid. This behavior is also explained by Van Hoolst et al. (2013) by the mean of the love number k 2 .
